Let Xbe a compact metric space and L a closed linear subspace of C( X), the real valued continuous functions on X. We give necessary and sufficient conditions of an algebraic nature for L to be the kernel of a Markov projection P on C( A"). We also characterize compact spaces for which our result holds as those for which the Borsuk-Dugundji simultaneous extension theorem holds.
1. Introduction. A projection £ on C( A) is Markov if Pe = e (where e is the unit function) and £ > 0, i.e., / > 0 implies £/ > 0. If P* is the adjoint of £ and 8X the Dirac measure at x, let px = P*8X, so that px is a probability measure, and for / g C(X) we have £/(x) = jfdpx. Let P be the set of Borel probability measures on A, a compact convex set in C(X)*, relative to the weak*-topology. Then £*(P) is a compact convex set, and each extreme point m has the form px for some x g A-just note thatp*_1(w) is a convex compact subset of P, and hence contains an extreme point, which is a 8X for some x g A [4, p. 34 The structure of £ is pretty well known. Birkhoff [1] and Kelley [3] characterized those £ for which ran £ is an algebra by the following properties: for each x g A, px is an extreme point of £*(P), and for each/G C(A), £/is constant on supppv. Moreover, £ satisfies the averaging identity P(fPg) = PfPg. Lloyd [5] showed that if £ is an arbitrary Markov projection, then £/is constant on supp pv whenever px is an extreme point of £*(P). It follows easily that the natural restriction of £ to a projection on C(supp£) satisfies the Birkhoff-Kelley conditions. Later Lloyd and Seever found the following identity for all Markov projection: P(fPg) = P(PfPg) ([6 and 7] , see also [9] ). This formula may be rewritten as 0 = P((f -Pf)Pg), i.e., if /0 g ker£ and g0 g ran £, then /0g0 g ker £. This condition is not quite strong enough to characterize the kernel of a Markov projection, so we note a natural property of such projections, namely iff > 0, then £/ = 0 iff/vanishes on supp P. This is an obvious consequence of the fact that for x g A, px is a probability measure. Thus, if £ is a Markov projection we have (l)ker£ + ran£ = C(X), (2)(ran£)(ker£)c ker£ (3) 7 = {/: £/2 = 0} is an ideal in C(X).
(Note that if w is a nonpositive Borel measure with m(e) = 1, and we define £ by Pf(x) = m(f) for all/ g C( X), then (1) and (2) 2. Preliminaries. Throughout, L will be a closed subspace of C( A), the real valued continuous functions on A, and M and 7 are as defined in the Theorem. In this section we study the structure of 7 after we give some definitions. Proof. If x £ supp Lx , then by complete regularity there exists/ g C(X) which vanishes on supp £x , but/(x) # 0. Then/2 g L, so/ g 7 and x £ Z(7).
Proposition.
The following are equivalent: (a) 7 « an ideal, (b)Z (7) (ii) Since C(X) = L + M, I = L n M, and Z = Z(7), we have C(Z) = £z © Afz.
Thus, there exists a projection g on C(Z) whose kernel is Lz and whose range is Mz. If ez is the restriction of e to Z, then clearly Qez = ez, and it remains to show that Q > 0 (and then that Q extends to a Markov projection £ on C( A)).
(iii) First we show that because (1) ran(Q)ker(Q) C ker(<2) and (2) ran(Q) is an algebra, we have Q(fQg) = QfQg for all/and g in C(Z).
QVQg) = e((/-2/+ fine*) = e((/-ßf)ßg + e(öfßs))
= 0 + QfQg. It is easy to check that £ is a Markov projection, and we must show that L = ker £ and ran P c M. 4. Examples. We assumed metrizability of A only in order to invoke the BorsukDugundji extension theorem. The following rather surprising result shows that the extension theorem is necessary as well as sufficient.
1 Proposition.
If X is a compact Hausdorff space, the following are equivalent: (a) If Z is a closed subset, there exists a Markov extension operator E: C(Z) -* C(X). From [2] it is clear that contractive projections are more complicated than Markov projections, and it is not generally true that (ran £)(ker£) c ker£. In fact, if /g Cc(A) (the complex continuous functions) and m is extreme in (£x),, where L = ker£, then on suppw, £/ is a constant times the Radon-Nikodym derivative d\m\/dm. (If £ is Markov, then \m\ = ±m, so £/is constant on suppw.) It is an easy consequence of this that (ran £)(ran £)"c mult £, or, equivalently, the identity P(Pf(Pg)~Ph) = P(f(Pg)~Ph)-the bar stands for complex conjugation. In fact, this is proved for general C*-algebras in [11, Corollary 3] , Finally, in view of Proposition 4.1, it would be interesting to find characterizations -topological or analytic-of compact spaces for which the extension theorem holds. See [8] for references.
I am grateful to A. Iwanik for pointing out that our result fails if £ is not a proper subspace of C(A).
